CARTESIAN PRODUCTS AND FUNCTIONS

DEFINITION: Given sets X and Y with x € X and y € Y, we define the ordered pair (x,y) = {{x}, {x, y}}.
It follows from the definition (there's some work here!) that (a, b) = (¢, d) iff a=cand b=d.
DEFINITION: If X and Y are sets, the Cartesian product of X x Y = {(x,y) : x € Xandy € Y}.
EXAMPLE: Let X = {1,2} and Y = {a, b, c}. Find the following Cartesian products:

e XxVY=
o Y XX =
e X x X =
EXAMPLE: Let X =[1,2] and Y = [3,4] U [5, 6]. Sketch the following Cartesian products in the plane:

e X XY

e Y xX

e YXY

NOTE: The xy-plane is often written as R x R = R?



PROPERTIES OF x: Suppose A, BC X and C,D CY.

e AxD=0xA=10.

e (ANB)x C=(AxC)n(Bx ()

e (ANB)x (CND)=(Ax C)n (B x D)

QUESTION: How does x work with U? That is, what is the relationship, in any, between the sets:

e (AUB) x Cand (Ax C)U (B x C)?

e (AxC)U(BxD)and (AUB) x (CuUD)?



DEFINITION: A relation R from X to Yisaset RC X x Y. If X =Y, we say R is a relation on X.

A function F from X to Y is a relation such that for all x € X there is a unique y € Y with (x,y) € F.
If Fis a function from X to Y we write F : X — Y and if (x,y) € F, we write y = F(x).

EXAMPLE: Let X = {1,2} and Y = {a, b, ¢}. Which of the following are functions from X to Y?
o {(1a).(2b)}
o {(1.3)}
e {(1.2).(2a)}
e {(1.2).(2a),(2 b)}

EXAMPLE: Let F = {(x? x) : x € X}. For which sets X below is F a function on X?

DEFINITION: Suppose AC X and CC Yand F: X = Y.
e The domain of F is X and the codomain of F is Y.

e The image of A under F is the set F(A) = {F(a) : a € A}.

NOTE: y € F(A) iff there exists a € A with y = F(a).
e The range of F is the image of X: F(X).

e The pre-image of C under F is the set F~}(C) ={x€ X : F(x) € C}
NOTE 1: x € F1(C) iff F(x) € C.

NOTE 2: Since F is a function from X to Y, it follows that F~1(Y) = X. (Do you see why?)
EXAMPLE: Let F : R — R be defined by F(x) = |x|. Find the following:

e F([-2,1]) =
e the range of F =

o F([1,2]) =



INDUCED SET FUNCTIONS (IMAGES): Suppose AABC X, C,DCYand F: X = Y.

e If AC B, then F(A) C F(B).

e F(AUB) = F(A)U F(B). More generally, F ( U Aa> = F(AY)
acA acA

e F(ANB) C F(A)N F(B). More generally, F ( N Aa> C (] F(Aa)
acA aEA

NOTE: Examples exist where F(AN B) # F(A) N F(B).

e AC FY(F(A))

NOTE: Examples exist where A # F~1(F(A)).

QUESTION: What, if any, is the relationship between the sets F(X\A) and Y\F(A)?



INDUCED SET FUNCTIONS (PRE-IMAGES): Suppose A, BC X, C,DC Y and F: X = Y.

e If CC D, then F~(C) C F7Y(D).

e FY(CUD)=F(C)uUF (D). More generally, F~1 (U Ca) = U F(C)

acA aEeA

e F-Y(CN D)= F(C)nF~YD). More generally, F~* (ﬂ Ca) =) F'(Aa)
a€A acA

NOTE: Examples exist where F(F~1(C)) # C.

QUESTION: What, if any, is the relationship between the sets F~1(Y\C) and X\F~1(C)?



